


The present note offers a new variant of the theorem that will make it
less mysterious. Still granting universal domain, it derives dictatorship from
a ITA condition that is much weaker than the existing one, plus a unanim-
ity condition that is shown to be necessary for the dictatorial conclusion,
as well as logically independent of the former condition. Both the earlier
result and ours deliver essentially equivalent restatements of dictatorship;
so what we do in effect is to factor out the strong IIA condition of the cur-
rent theory. The proposed set of premisses appears to be preferable for two
reasons. First, unanimity-preservation and independence-preservation are
conceptually different properties for a social aggregate. If one can be hidden
under the guise of the other, this is due to the peculiarities of the logical
framework. One would better discount the influence of the framework and
unpack the conditions so as to make them fit with the natural distinc-
tion. Second, at the normative level, the current IIA is highly questionable,
whereas the weaker ITA condition deflates at least one of the objections.
If the theory of logical judgment aggregation means to uncover a genuine
paradox, not just a mathematical riddle, it must start from normatively
defensible premisses. In the present, more Arrovian version, the paradox
arises from one’s combining two separate ideas that are attractive in isola-
tion but happen to conflict within the chosen framework, i.e., independence
(weakly stated) and unanimity-preservation (unrestrictedly).

2 The logical framework of aggregation

In the logical framework, a judgment consists in either accepting or rejecting
a formula stated in some logical language. Like most previous writers, we
will be concerned with propositional logic. Accordingly, our set of formulas
L is constructed from the propositional connectives —, V, A, —, < (“not”,
“or”, “and”, “implies”, “is equivalent to”) and a set P of propositional vari-
ables pi, ..., Pm,... serving as building blocks. The system of propositional
logic fixes the definitions of a inference relation as well as the derivative
notions of a theorem, a contradiction, and the logical relations holding be-
tween formulas. For explicit definitions, economists may consult Stigum
(1990). Our choice of a logical language is less restrictive than it seems,
because it covers not only propositional logic, but in effect also various ex-

tensions of it (i.e., those more expressive logics in which propositional logic



can be embedded isomorphically). The translation of the theorem below
for these extensions is an essentially mechanical affair.

The agenda is the nonempty subset & C L of formulas representing the
actual propositions on which the n individuals and society pass judgment.
Clearly, the slimmer the agenda, the more striking the impossibility theo-
rem. Contrary to the original authors and Nehring and Puppe (2005), we
leave out refinements in this direction. To make the proof of the main the-
orem transparent, we assume that ® includes the sublanguage L(pr, pm, po)
constructed from three distinct atomic variables p;, pm., po. This is more
than is needed mathematically.

The theory assumes that what is being aggregated is a collection not
of judgments, but of judgment sets, where definite restrictions are imposed
on what counts as such a set. Technically, it is any nonempty subset B C
L that is consistent, as well as complete in the following relative sense: for
any ¢ € ®, either ¢ or - belongs to B. A social judgment function is any
mapping

F:(A, .., Ay — A,
where the A;, ¢ € N = {1,...,n}, and A are judgment sets for the individuals
and society, respectively. We denote F(Ay,...,A,) by A, F(A},...,A]) by
A’, etc. A social judgment function is dictatorial if there is j € N - the
dictator - such that for all (A, ..., A,) in the domain,

Aj=F(A1 ..., A).

Notice that Arrow’s concept is effectively weaker since it does not amount
to a projection. We say that j is a dictator for (A, ..., An) if F(A1, ..., A,) =
Aj, and that F' is dictatorial profile by profile if there exists a dictator for
each (Aq, ..., An).We now introduce conditions on F'. It will be a maintained
assumption that F' satisfies Universal Domain, i.e., F' : D™ — D, where D
is the set of all possible judgment sets.

Axiom 1 (Systematicity)
V%TP € (I),V(Al,...,An),( llva;z)EDn
weAesyeAi=1,..,n = [peAsypeA]
Axiom 2 (Independence of Irrelevant Alternatives)
VQp S (I)vv(Alv"':An)v( llva;z)EDn
weAspeA,i=1,..,n = [pecAspecA]



Axiom 3 (Independence of Irrelevant Propositional Alternatives)

Vp € PNnd, V(AL ..., A, ( iv"'vA;z)EDn

/

peAi o ped,i=1.,n=pecAspeci]

The three conditions are listed from the logically strongest to the weak-
est. Systematicity requires that two formulas be treated alike by society
if they draw the support of exactly the same people, even if these formu-
las refer to semantically unrelated items. Although this was the condition
assumed in the first place (List and Pettit, 2002, show that it is incom-
patible with an anonymity requirement), it is quite obviously unattractive.
Take a two-individual society in which 1 judges that the budget should be
balanced, 2 disagrees, and the social judgment endorses 1. Then, if 1 also
judges that marijuana should be legalized, and 2 disagrees again, the social
judgment should endorse 1 judgment once again. Economists will recognize
that this is a neutrality condition in the style of those of social choice theory
and that it is no more appealing here than it is there (see Samuelson’s 1977
witty criticism of the social-choice-theoretic condition).

Instead of permitting variations in both the profile (A4, ..., A,) and for-
mula ¢, Independence of Irrelevant Alternatives fixes the formula and allows
only the profile to vary; in this way, it avoids the confounding of semantic
contents that spoils the earlier condition. It singles out the requirement
contained in Systematicity that the social judgment on ¢ should depend
only on the individual judgments on . Exactly as for Arrow’s condition, the
best normative defence for this restriction is that it prevents some possible
manipulations (see Dietrich, 2004, and Dietrich and List, 2004). However,
the condition is open to a charge of irrationality. One would expect soci-
ety to pay attention not only to the individuals’ judgments on ¢, but also
to their reasons for accepting or rejecting this formula, and these reasons
may be represented by other formulas than ¢ in the individual sets. Before
deciding that two profiles call for the same acceptance or rejection, society
should in general take into account more information than is supposed in
the condition.

The new condition of Independence of Irrelevant Propositional Alter-
natives (IIPA) amounts to reserving IIA to propositional variables alone.
Consider again the doctrinal paradox: the trouble comes from the assump-
tion that the majority rule applies to molecular formulas and propositional
variables alike, i.e., that this independent and even neutral rule dictates
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on the whole of ®. In contrast, when restricted to propositional variables,
independence becomes more acceptable because these formulas represent
primary data. One can object to IIA as applied to pV g, where p represents
“The budget should be balanced” and ¢ “Marijuana should be legalized”
on the ground that there are two propositions involved, and that society
should know how each individual feels about either proposition, and not
only about their disjunction. But there is no such objection against ITA
when it is applied to p and ¢ in isolation because the language does not
express what would justify their acceptance or rejection. Of course, as we
pointed out earlier, propositional logic can be embedded in more powerful
logics, which analyze the propositional variables instead of taking them as
primary data. In this more refined framewok, the irrationality charge would
carry through to the formulas replacing the propositional variables, but it
would again be deflated when one reaches the stage of building blocks .

The last condition to be introduced is a straightforward analogue of the
Pareto principle:

Axiom 4 (Unanimity) For all ¢ € ®, and all (A4, ...,A,) € D",
peA,i=1,...,n=>p €A

3 The impossibility of logical judgment ag-
gregation

Pauly and van Hees’s (2003) show that if F' satisfies Independence of Ir-
relevant Alternatives and is not a constant mapping, F' is dictatorial. This
theorem is proved for a class of agendas which includes our maximal agenda
& = L{p, pm, o} as a particular case. Dietrich’s (2004) variant is specially
adapted to a finite P and involves still another class of agendas (but ours is
again included). A simpler form of the impossibility theorem, which Pauly
and van Hees also establish, just generalizing List and Pettit (2002), states
that if I’ satisfies Systematicity, F' is dictatorial.

If one replaces the previous conditions by Independence of Irrelevant
Propositional Alternatives, the unpleasant conclusion vanishes. This can
be seen by considering antidictatorship. We say that F' is antidictatorial
on P if there is j - the antidictator - such that for all p € P and all
(A1,....,An) €D,

p¢ F(Ai, .., Ax) & pc A
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For each profile, this equivalence defines a social judgment set. (Observe
that it would not do if one required society to negate the molecular formulas
of A; as well as its propositional variables.) Clearly, IIPA is satisfied. To
show that an antidictatorial F' violates ITA, take

Al = {plv_'p27"'}7A2:{_'plvp27"'}7
All = {p17p27"-}7A/2:{_'p17p27"'}7

and suppose that 1 is the antidictator. Then, A = {—p1,p2,...} and A’ =
{=p1,p2,...}, so that py Vpo € A, pr Vpo ¢ A But p; V p, has the
same pattern of acceptance in the two profiles, which contradicts ITA. By
a similar argument, 2 cannot be the antidictator.

The example also shows that that ITPA does not imply Unanimity.
When the two conditions are combined, dictatorship reappears.

Theorem 1 If F' satisfies IIPA and Unanimity, F is dictatorial.

Proof. We first show that Unanimity implies that F' is dictatorial profile
by profile. Suppose by way of contradiction that there is (A4,..., A,) € D
such that A # A, for all + = 1,...,n. Two jugement sets differ from each
other if and only if there is a propositional variable on which they differ.
That is to say, for each i, there is p; € P such that

]71 - Al and ﬁﬁi QE A,

where p; means either p; or —p;, and —p; means —p; in the first case and p; in
the second. (Since judgment sets satisfy logical equivalence, we may identify
——p; with p;.) By deductive closure, ¢ = Vim0 € A, 2= 1,...,n, and
Unanimity implies that ¢ € A. By maximality, one of the p; must be in A,
and a contradiction ensues.

Now, we will derive the following Positive Responsiveness property. Take
any p € P and any two profiles (A41,...,A,), (A}, ..., A)), such that (i) p
€ A= F(Ay,...,Ay), (ii) for at least one j, p &€ A; and p € Aj, (iii) for no
i, p€ A; and p ¢ AL, (In words, p does not disappear from any individual
judgment set, and appears in at least one.) Then, p € A’ = F(A],...,A)).

To derive Positive Responsiveness, consider any non-empty subset I of
the set of individuals N, and suppose that the assumptions hold with:

—peA,1e€l;pe A, 1ie N\I;, "peA,ieJCI, pe A, (e N\J
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Suppose by way of contradiction that —p € A’. Since there is a dictator for
each profile, it must be one of the ¢ € N\ [ for (A1, ..., A,), and one of the
v € J for (A],...,A)). Now, take any propositional variable ¢ # p, —p; by
ITPA, we can make any assumption we wish on the acceptance or rejection
of ¢ in the two profiles. Let us suppose that

ge AiNAL, iel, ~ge A;NA, i€ N\J.

Because exactly the same individuals ¢ accept g in (44, ..., A,) and (A1, ..., A}),
ITPA implies that
geEAsqge A,
a contradiction with what has been said about the two profile dictators.
We now set out to prove that IIPA and Unanimity together imply the
following Limited Systematicity property: for all (Ay, ..., A,), (AL, ..., A,) €
D", and all p,q € P,

peAisqeA,i=1,..,n = [pecAsqgeA] and

(2

peAie qeA,i=1,..,n] = [peAs qed.

(2

Suppose the assumption of the first case holds. There exists (B, ..., By) s.t.
peEAiepeB, andp——qeB,i=1,..,n.
Hence, we also have that
ge A, s qgeB;, i=1,..,n.

Assume that p € A. FromIIPA, ¢ € B = F(B4,...,B,). From Unanimity,
p < q € B, so g € B from deductive closure, and ¢ € A’ from IIPA again.
The proof of the other case is similar.

For any p € P, we can find in D" a sequence of profiles (A;)J

t=1,...,n, with the following properties:

— Y
*17"'7,”

pEA] peA, .. pE A,
pEA] —peA} peAi.. pcA}

pEeAl —peA] —peAy.. pEA;

Denote by A%, i =1, ...,n, the associated sequence of social judgment sets.
Define * to be the first ¢ in the sequence such that both

—p € A and ~p € A",
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Unanimity ensures that ¢* exists. We will prove that ¢* is a dictator, and
for this, we need a last preparatory step.
We aim at showing that there exists a profile (By, ..., B,) such that

(x) 7 p€ B, pe B, 1 #£¢", and -p € B.

For +* = 1, the statement repeats the definition of ¢*. For ¢* > 2, we need
to consider three sets of individuals:

I={1,.,i"—1}, J={i"}, K = {ir +1},

the first two of which are never empty. Assume by way of contradiction
that p € B for all profiles satisfying (). In particular, p € B’ for (By, ..., B})
satisfying (x) and

-q € BjjelulJ;geBj,jcK,
r € Bjpjel,~re€Bj,jeJUK,

where we choose any propositional variable r # p,q. Also, p € B” for
(BY, ..., B]) satisfying (x) and

-q € Bj,jelqeBj,j€ JUK
r € Bj,jel,rcBjjecJUK.

From Limited Systematicity, we conclude that ~q¢ € B’ and ¢ € B”. (The
first conclusion uses the ¢*-th line in the previous table and replaces p by
q; the second conclusion uses the (¢*-1)-th line, again replacing p by q.)
Now, the first conclusion means that the dictator for (Bj,..., B),) is some
j <", and the second, that the dictator for (BY,..., B)) is some j > ¢*. In
either case, j = " is excluded since p € B'N B” and —p € B..N Bl.. So we
are left with two opposite statements for r, i.e., r € B’ and r ¢ B”, which
contradicts ITPA.

We have just shown that for all p € P, there exists (B, ..., B,) € D",
with p € Bi«, p € Bj, 7 # 1, and p € B. By IIPA, the more general
conclusion holds that p belongs to the social set of any profile in which
7* alone accepts p. The remaining profiles are those in which ¢*is not the
only individual to accept p. To handle (Cy,...,C),) in this class, we start
from a suitable (B, ..., B,) and modify it into (B, ..., B),), putting p € B]
instead of —p € B; for all ¢ with p € C;. Positive Responsiveness and ITPA
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ensure that p € C, as desired. Having shown that for all p € P, and all
(Alv 7A7l) S Dn:

we conclude from the maximality of individual sets and the deductive clo-
sure of social sets the that the same statement holds for all ¢ € £. This
completes the proof that F' is dictatorial, with ¢* as a dictator. B

The reader will have observed the social-choice-theoretic undertones of
the proof. In the classic terminology, the last but one paragraph states a
“semi-decisiveness” property, and the last paragraph performs the remain-
ing step of proving “decisiveness”. Notice the role of the assumption that
individual and social sets are not only consistent and deductively closed,
but even maximal. Gérdenfors (2005) has stressed that this is a strong
assumption to make, and it turns out to be crucial here.

The assumption that there are three distinct propositional variables can
be relaxed. Using an inductive argument that would make the end of the
proof more complex, we can derive the theorem for any agenda including
L(pt, pm)-

In the case n = 2, there is quick termination of the proof after the stage

of proving Limited Systematicity.
Proof. Having shown that F' is dictatorial profile by profile and satisfies
Limited Systematicity (1st and 3d paragraphs), we conclude by the follow-
ing reductio. If neither 1 nor 2 were a dictator, there would exist (A;, Az),
(A}, Ab) € D? such that

A # Ay, AL £ AL, A=Ay, A = Al

So there would exist p,q € P such that p € A;,p ¢ Ay, and ¢ € Al,q ¢
A%, and Limited Systematicity would imply that p € A & ¢ € A’, which
contradicts the consistency of social judgment sets. W

We close the analysis with an example of a well-behaved social judgment
function F™. For any (Ai,...,A,) € D", we define A* = F*(Ay,...,A,) in
two steps. First, we define a subset B* C A* by the properties that (i):

VpeP, pe B & Ny > Noy,

where Np, N-, denote the numbers of ¢ € N st. p € A; and —p € A,
respectively, and (ii):
p¢ B"< —pe B”.



Second, we define A* to be the deductive closure of B*. Clearly, this con-
struction delivers judgment sets for all profiles. It amounts to applying the
majority rule to propositional variables alone - with a tie-breaking clause
in the case where there are as many supporters of p as there are of —p - and
then let society draw the logical consequences. This is a special case of the
so-called premiss-based procedure in which the set of premisses is taken to
be P (more on this procedure in Dietrich, 2004).

When restricted to P, the social judgment function F* satisfies the
familiar properties of the majority rule, which are here translated as Sys-
tematicity, Unanimity, and an Anonymity condition that we need not spell
out formally. It is only the extension of these properties to £ which raises
difficulties. Indeed, for n = 3 and ® = L(p1, p2, p3), take

Al = {plv_'p27p37 }7 A2 = {p17p27_'p37 }7 A3 = {_'plvp27p37 }7

so that A* = {pi, p2, ps, ...}, and suppose that we add to the definition of
F™ that it should satisfy Unanimity in its full force. A contradiction ensues
since

—pr vV ope Vops € Al,l =1,2,3=—p V- pVps € A.

This reasoning illustrates Theorem 1 at work. The redefined F™ satisfies
ITPA and Unanimity, hence must be dictatorial, which makes it impossible
to apply the majority rule on P.

4 Conclusion

This note has produced a new version of the impossibility of logical judg-
ment aggregation that, for one, highlights an Arrovian analogy, and for
another, appears to be more interestingly paradoxical than the initial the-
orem. We have reduced the independence condition to its barebones, as
it were. If one retains (a) the logical framework of judgment, (b) univer-
sal domain, (c) the demanding assumptions put on judgment sets, and (d)
unanimity in its full force, the impossibility seems irresistible since one
can hardly conceive of a weaker independence condition than our IIPA. By
contrast, Arrow’s ITA can be weakened in ways that sometimes lead to pos-
sibility results (see Fleurbaey, Suzumura, and Tadenuma, 2002). Logical
judgment theorists have begun to explore weakenings of (b) and (c). The
weakening of (d) recommends itself in view of the voting scheme of last
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section. However, we suspect that economists would favour a more radical
solution, which is to depart from (a) and its set of embodied constraints.
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